We analyse the Hawking-(Unruh) effect for a massive spinor field on the single exterior black hole spacetime known as the RP 3 geon. This spacetime is an inextendible, space and time orientable black hole locally isometric to the Kruskal manifold but with only one exterior region. We find that the Hartle-Hawking-like vacuum |0 G contains exterior region Boulware modes in correlated pairs. Any operator in the exterior which couples to only one member of each pair has thermal expectation values at the usual temperature. However generic operators do not have this form, in contrast to the analogous situation on Kruskal. The choice of the spin structure enters the expression for |0 G in terms of the Boulware vacuum.
Introduction
Thanks to Hawking's important work [1] , it has been well known now for nearly thirty years that a black hole formed by star collapse will radiate thermally at the Hawking temperature. Further this demonstration of black hole temperature put the speculations of Bekenstein [2] and others, on an analogy between the laws of classical thermodynamics and some relations in black hole physics on a firmer basis, providing a theory of black hole thermodynamics. In particular, identifying the Hawking temperature with the physical temperature of the black hole led to the identification of the area of the holes horizon with its physical entropy. Soon after Hawking's paper it was shown that the same temperature and entropy could be obtained from an analysis of quantum fields on the maximally extended Kruskal manifold if we consider a time-symmetric state which describes a black hole in thermal equlibrium with its surroundings (see e.g [3] ). One key feature of this spacetime is that it contains two causally disconnected exterior regions outside the black (and white) hole seperated by a bifurcate Killing horizon. The physical relevence and input of this second exterior region in this maximally extended spacetime remains unclear.
One way we may asses the input of the second exterior region is to investigate a spacetime which is locally isometric to the Kruskal manifold but which contains only one exterior region. Such an investigation for the scalar field is given in [4] . Here Louko and Marolf study the Hawking radiation and gravitational entropy on the eternal black hole known, in the terminology of ( [5] ) as the RP 3 geon ( [6] , [7] ). The geon is built as a quotient of the Kruskal manifold under a certain well behaved discrete isometry in such a way that it is locally isometric to the Kruskal manifold but where the two exterior regions have been identified. In [4] the authors ask to what extent quantum physics in the exterior region knows that the spacetime differs from that of Kruskal behind the horizons, and in particular whether an observer restricted to the exterior can distinguish between the Hawking effect on the RP 3 geon and that on Kruskal. There it was found that the vacuum |0 G induced by the Hartle-Hawking vacuum |0 K on the Kruskal manifold contains Boulware modes in correlated pairs. For operators which only couple to one member of each pair the expectation values in |0 G are given by a thermal density matrix in the usual Hawking temperature. This is the form assumed by every operator far from the black hole and whose support is at asymptotically late (or early) Schwarzschild time. However generic operators with support in the exterior region do not satisfy this property and so in contrast to on the Kruskal manifold their experiences are not thermal.
The purpose of this paper is to extend the analysis of [4] , on the Hawking radiation on the RP 3 geon for the scalar field, to the Dirac field using a Bogolubov transformation approach. One non-trivial feature of this extension is that the geon admits two inequivalent spin structures, which suggests the question as to whether an observer in the exterior could detect the spin structure via the Hawking radiation. We will find qualitatively similar conclusions to those of the scalar field analysis. In particular a generic operator in the exterior region may not experience thermality, but an operator whose support is at asymptotically early (or late) times will. Thus an observer confined to the exterior region could tell the difference between Kruskal and the RP 3 geon. Further it is found that the spin structure used on the geon enters the expression for |0 G in terms of |0 B .
We begin the paper by considering an analogous situation for accelerated observers in flat but topologically non-trivial spacetimes denoted by M 0 and M − (introduced in [4] ) whose topology to some extent mimics that of Kruskal and the RP 3 geon respectively. The similarities and relations between, on the one hand the experiences of accelerated observers in flat space and on the other hand static observers in a black hole spacetime, stemming from the equivalence principle are well known. M − is a flat spacetime with a global timelike Killing vector that defines a Minkowskilike vacuum state |0 − but with only one Rindler wedge. |0 − is analogous to |0 G and the Rindler vacuum in this wedge R − is analogous to |0 B . It is found that the accelerated observer sees |0 − as a thermal bath at the usual Unruh temperature (see [8] ) only for a restricted class of observers. This is in contrast to the result in Minkowski space (and M 0 ) where the accelerated observer will always view |0 (|0 0 ) as a thermal bath. We give the Bogolubov transformation in full on M and M 0 as, to the knowledge of the author, there is a lack of literature on this for the massive 3 + 1 case. In particular Takagi [9] shows the result for the massless 3 + 1 case for the Dirac field via other methods (see also [10] ), while Soffel Muller and Greiner [11] consider the massive 1 + 1 case. The paper by Oriti [12] considers the massive 3 + 1 case but the Rindler modes considered there are not suitably orthonormal in the Dirac inner product. We also present a calculation of the expectation values of the energy-momentum tensor T µν for a massless 2-component Dirac field in the vacuum states |0 − and |0 0
The paper is constructed as follows. Section 2 begins by introducing the flat spacetimes M 0 and M − . This section then goes on to introduce accelerated observers on these spacetimes, constructs solutions to the Dirac equation adapted to such observers and analyses the Bogolubov transformation between the vacua associated with inertial observers |0 − (|0 0 ) and those asociated with accelerated observers |0 R − (|0 R 0 ). Section 3 begins with the reduction of our 4-component massive spinor formalism of section 2 to massless 2-component spinors. It then goes on to present a calculation of the expectation values of T µν in the states |0 − and |0 0 . Section 4 introduces the Kruskal manifold and the RP 3 geon and presents the Bogolubov transformation between |0 G and |0 B for the Dirac field. Finally section 5 summarises and discusses our results and some remaining issues.
Our conventions are to work througout with natural units = c = G = 1, and metrics with signature (+, −, −, −). Complex conjugation is denoted by a * and charge conjugation by c .
2 The Unruh effect on M 0 and M − for massive spinors In this section we discuss the Unruh effect for the Dirac field on the two flat spacetimes M 0 and M − (introduced in [4] ) whose global properties to some extent mimic those of the Kruskal manifold and the RP 3 geon respectively. In section 2.1 we discuss briefly the construction and properties of these spacetimes and the spin structures they admit. In section 2.2 we quantise a massive 4-component Dirac field on M 0 and M − using a global timelike Killing vector to define positive and negative frequencies. This allows us to define the Minkowski-like vacua |0 0 and |0 − . In section 2.3 we go on to consider the experiences of a uniformly accelerated observer on 3 + 1 Minkowski space, which we shall call M , and M 0 . We perform a Bogolubov transformation between the Minkowski positive frequency mode functions and the Rindler positive frequency mode functions which are adapted to the accelerated observer. Further we give an expression for the Rindler mode content of the Minkowski-like vacuum. Although the results of thermality on M (and M 0 ) are well known, to the knowledge of the author there is no presentation of the Bogolubov transformation for the 3+1 case for the massive Dirac field in the literature. Finally in subsection 2.4 we repeat the analysis of subsection 2.3 for the spacetime M − . This is the case we are most interested in as the results will reflect the properties of the Hawking radiation on the RP 3 geon.
The flat spacetimes M 0 and M − are then built as quotients of Minkowski space under the following maps
where a > 0 is a prescribed constant. J 0 and J − are isometries of M which preserve space and time orientation and act freely and properly discontinuously. Thus M 0 and M − are space and time orientable flat Lorentzian manifolds. As M is the universal covering space of both M 0 and M − we may consider them to be coordinatized by (t, x, y, z) with the following identifications understood
Note further that M 0 is a double cover of M − . Field theory on M 0 and M − can be considered via field theory on M by the method of images (see [13] ). Like M , M 0 and M − are static spacetimes with respect to the global timelike Killing vector ∂ t . They are also globally hyperbolic and have spatial topology R 2 × S 1 . Conformal diagrams for M 0 and M − in which the local y, z coordinates have been suppressed are given in figure 1. Due to the compact z-direction these spacetimes both admit two inequivalent spin structures (see e.g [14] ). That is there are two inequivalent but equally consistent ways of attaching spinors to each. On M 0 suppose we introduce a globally defined vierbein aligned along the Minkowski coordinate axes (we shall call this the standard vierbein)
then considering the two spin structures is equivalent to imposing periodic or antiperiodic boundary conditions as we go around the compact z-direction. That is we take
where n ∈ Z and ǫ = +1, (−1) for periodic (antiperiodic) spinors respectively. Alternatively another useful vierbein to consider on M 0 is one which rotates by 2π in the x − y plane as z → z + 2a, that is
Again imposing periodic or antiperiodic boundary conditions in the z-direction. Spinors which are periodic with respect to this rotating vierbein will have antiperiodic boundary conditions with respect to the standard vierbein and vice versa. Both these vierbeins are invariant under the action of J 0 . On M − the standard Minkowski vierbein is not so nice to work with as it is not invariant under J − , whereas the vierbein (2.8) is invariant. On M − we may therefore use (2.8) assigning boundary conditions as z → z + a. An alternative invariant vierbein on M − is one which rotates by −π as z → z + a (simply replace π with −π in (2.8)). Periodic spinors with respect to this −π vierbein will be antiperiodic with respect to (2.8) and vice versa. In the following work we shall mostly consider the vierbein (2.8).
Spinor field quantisation with Minkowski-like vacua on M 0 and M −
In this subsection we consider the quantum theory of a free Dirac field ψ with mass m ≥ 0 on M 0 and M − . We introduce the Minkowski-like vacua |0 0 and |0 − for which positive and negative frequencies are defined with respect to the global timelike Killing vector ∂ t . We work in the rotating vierbein (2.8) throughout. In a general curved spacetime the spinor Lagrangian is given in the vierbein formalism by ( [3] )
where V µ α is a set of vierbeins, V α = V µ α ∂ µ , and γ µ = V µ α γ α are the curved space counterparts of the Dirac matrices which satisfy {γ µ , γ ν } = 2g µν (2.10)
Variation of the action with respect toψ = γ 0 ψ † yields the covariant Dirac equation
Now on our spacetimes in the local Minkowski coordinates (t, x, y, z) and in the rotating vierbein (2.8) the field equation becomes
The inner product is
on a constant t hypersurface. Here we will denote the inner products on M 0 and M − by ψ 1 , ψ 2 0 and ψ 1 , ψ 2 − respectively. We now consider positive and negative frequency solutions to (2.13) on M 0 where positive frequency is defined with respect to the global timelike Killing vector ∂ t . On Minkowski space these may be obtained from the standard Minkowski positive frequency plane wave modes (see for example [15] ) written with respect to the standard Minkowski vierbein (2.6) by the suitable spinor transformation associated with a rotation by π in the x − y plane as z → z + a. We choose here and throughout this section to work in the standard representation for the γ matrices, that is
where σ i are the usual Pauli matrices. Therefore the transformation is 
and with k z restricted to be k z = nπ a for modes with periodic boundary conditions, with respect to the nonrotating tetrad (2.6), and k z = (2n+1)π 2a for antiperiodic boundary conditions, with respect to (2.6), where n ∈ Z. Here k x , k y take all real values. The corresponding modes in Minkowski space are given by a π U j,kx,ky,kz where now k z can take all real values. The modes on M 0 satisfy the orthonormality relation
On M − a complete set of modes can be built from those above as linear combinations which are invariant under J − . As we are working in a vierbein (2.8) which is invariant under J − and as M 0 is a double cover of M − , a complete set is given by {V j,kx,ky,kz } where V j,kx,ky,kz (t, x, y, z) := U j,kx,ky,kz (t, x, y, z) + ǫU j,kx,ky,kz (t, −x, −y, z + a) (2.19) where k z = (2n+1)π 2a with n ∈ Z and ǫ = +1(−1) for periodic (antiperiodic) spinors. It is important to note here that modes for which k z = nπ a , i.e those which are antiperiodic with respect to the rotating spin structure (2.8) as z → z + 2a will not satisfy suitable boundary conditions on M − as they are neither periodic nor antiperiodic as z → z + a. Such modes are therefore not considered on M − . We find V 1,kx,ky,kz = U 1,kx,ky,kz + ǫie ikza U 1,−kx,−ky,kz (2.20)
V 2,kx,ky,kz = U 2,kx,ky,kz − ǫie ikza U 2,−kx,−ky,kz (2.21)
As with the scalar field [4] there is a redundency in these V -modes V j,kx,ky,kz ∝ V j,−kx,−ky,kz (2.22) This redundency may be eliminated by taking for example k y > 0. Having considered this redundancy the orthonormality condition on M − then reads
Given these complete sets of modes we may proceed to canonically quantise the field in the usual way. That is we expand the field in these sets and impose the usual anticommutation relations on the coefficients, promoted to operators (in this case operator valued distributions). Suppose |0 is the usual Minkoski vaccum on M defined by the set {U j,kx,ky,kz }. Then we denote by |0 0 the vacuum on M 0 of the set {U j,kx,ky,kz } with the suitably restricted k z values and by |0 − the vacuum on M − for the set {V j,kx,ky,kz }. In these expressions the spin structure index has been supressed.
The Unruh Construction and Bogolubov Transformation on M and M 0
In this subsection we begin by considering a uniformly accelerated observer on the spacetimes M and M 0 . We therefore introduce the usual Rindler coordinates on M , (η, ρ, y, z) defined by
with ρ > 0 and −∞ < η < ∞. Here (η, ρ, y, z) cover the R wedge x > |t| of Minkowski space (see figure 2 ). On R 0 , the right hand Rindler wedge of M 0 , we may introduce locally Rindler coordinates (2.24) with the identifications (η, ρ, y, z) ∼ (η, ρ, y, z + 2a) understood. The worldines at constant ρ, y, z are the worldines of uniformly accelerated observers, accelerating in the x-direction with acceleration ρ −1 and proper time τ = ρη. This suggests that the natural definition of positive frequency for such an observer is determined by ∂ η . The metric on R (R 0 ) in the Rindler coordinates (2.24) reads
The Rindler wedge is thus a globally hyperbolic static spacetime with timelike Killing vector ∂ η = t∂ x + x∂ t . This Killing vector generates boosts in the (t, x) plane.
We wish to find the Bogolubov transformation between the Rindler modes, which are positive frequency with respect to ∂ η and the Minkowski modes, positive frequency with respect to ∂ t , firstly here on M and M 0 and in the next subsection on M − .
We begin by choosing to work in a vierbein aligned along Rindler coordinate axes
In Rindler coordinates and this vierbein the Dirac equation (2.12) becomes
where the γ matrices here are the usual flat space γ ′ s. A complete set of mode solutions, positive frequency with respect to Rindler Killing time ∂ η on R 0 , can then be found by directly solving (2.27) looking for a set of orthonormal solutions which are simultaneously eigenfunctions of the Rindler Hamiltonian and of −i∂ y and −i∂ z . It will be useful to choose modes that, when continued past the horizons, have simple transformation properties under the map J − (see (2.74) and (2.75) below). Such modes are
(2.32) j = 1, 2, κ = (m 2 + k y 2 + k z 2 ) 1/2 , M > 0, k y ∈R, and on M 0 k z = nπ a for modes with periodic boundary conditions, with respect to the nonrotating tetrad (2.26), and k z = (2n+1)π 2a for antiperiodic boundary conditions, with respect to (2.26), where n ∈ Z. K iM + 1 2 (kρ) is a modified Bessel function (see e.g [16] ). Note that these solutions are only defined in the R 0 wedge of M 0 . The corresponding solutions on the right hand wedge of Minkowski space are given by a π ψ R j,m,ky,kz with k z ∈ R. The expressions (2.28)-(2.32) are ill-defined at k z = 0. Solutions at k z = 0 are given by
Any expressions which follow, which hold for k z = 0 are considered at k z = 0 in this limit.
The inner product in R is (see e.g ([10]))
taken on an η = constant hypersurface. We denote the inner product on R 0 by ψ 1 , ψ 2 R 0 . The orthonormality relation is then
Similarly to above we may introduce Rindler coordinates in the L wedges (−x > |t|) of M and M 0 by
again where ρ > 0, −∞ < η < ∞ and when considered as coordinates on L 0 (η, ρ, y, z) ∼ (η, ρ, y, z + 2a). Note that ∂ η is past pointing in L. A complete set of modes, of positive frequency with respect to ∂ η , to the Dirac equation in these coordinates on L 0 is then {ψ L j,M,ky,kz }
with N j as in (2.31) and (2.32), −∞ < k y < ∞ and k z is restricted as on R 0 , and we take ψ L j,M,ky,0 = lim
These solutions satisfy the orthonormality relation
Now before quantising the field, and keeping in mind that in the next section we wish to investigate the situation on M − we now wish to express these solutions in terms of the globally defined rotating vierbein (2.8) . The appropriate transformation between the vierbeins (2.26) and (2.8) is a boost by −η in the (η, ρ) plane followed by a rotation by π as z → z + a in the (x, y) plane. The corresponding transformation on the spinors is then given by
Relative to this rotating Minkowski vierbein our solutions become
with the same ranges for M, k y and same restrictions for k z on M 0 and modes at k z = 0 understood in the limit as k z tends to 0 from the right.
We may now quantise the field in the usual manner. A complete set of modes of positive frequency is given by {ψ R j,M,ky,kz (t, x, y, z), ψ L j,−M,ky,kz (t, x, y, z)}, while for negative frequency modes we take their charge conjugates. On M 0 the field is expanded as
while on M the sum over n ∈ Z is replaced by an integral over k z ∈ R. It is important to note here that we take ψ L 1,−M,ky,kz for our positive frequency solutions in L (i.e positive frequency with respect to −∂ η ) due to the opposite directions for the time coordinate η in the R and L wedges. In standard representation
where the superscript c stands for charge conjugation and * for normal complex conjugation. It is easy to show that
with analogous expressions for ψ L 1 and ψ L 2 . For modes at k z = 0 these expressions are understood in the limit lim kz→0 + . We now impose the usual anticommutation relations for the annihilation and creation operators
with similar relations for the L wedge operators and all mixed anticommutators vanishing. This construction defines the Rindler vacuum |0 R on M and the Rindlerlike vacuum |0 R 0 on M 0 . These are the states annihilated by all the annihilation operators
with analogous relations for |0 R . We are interested in the Rindler mode content of |0 and |0 0 . We could proceed directly by calculating the Bogolubov transformation between the modes (2.17) and (2.41) say, however it is easier to follow Unruh [8] and build from the ψ ′ s a complete set of linear combinations that are purely positive frequency with respect to the global timelike Killing vector ∂ t , called W -modes. The vacua of these Wmodes is |0 0 (or |0 ) and the Bogolubov transformation may be read off easily.
It is well known [3] that positive frequency Minkowski modes can be defined by the property that they are analytic and bounded in the entire lower half complex t plane. We proceed therefore by analytically continuing the set {ψ R j,M,ky,kz } across the horizons into the other wedges in the lower half complex t plane in order to build our W -modes. On M and M 0 a complete set of positive frequency W -modes is obtained by continuing a complete set of positive and negative frequency Rindler modes from R (R 0 ) across the horizons into the L (L 0 ) wedge (we will see that on M − continuation of positive frequency and negative frequency modes into F − result in the same postive frequency W -modes and so we need only consider continuing our positive frequency Rindler modes there). The continuation into the F wedge is implemented by a substitution which transforms our solutions as follows
where, the modified Bessel function K iM ± 1 2 (ikρ) can be given in terms of Hankel functions ( [16] )
These modes are positive frequency with respect to ∂ t for all M ∈ R. Further we continue these into the L wedges of M and M 0 in the lower half complex t plane, we find
where in L (η, ρ) are given in (2.35) . Therefore making use of the relations (2.45) we find on M (M 0 ) a complete set of positive frequency W -modes {W j,M,ky,kz } given by
That is a complete set of positive frequency W -modes on M (and M 0 ) is obtained from a complete set of positive and negative frequency Rindler modes in R (R 0 ) continued across the horizons into L (L 0 ) in the lower half complex t plane. W -modes at k z = 0 are considered in the limit as k z → 0 + in the expression above. It will be useful to split these into two sets, let
We may now expand the field in terms of these W-modes 
Let us now consider number operator expectation values. We find for example that
We see immediately that the Minkowski-like vacuum on M 0 (the Minkowski vacuum on M ) contains Rindler particles. The usual interpretation is that a Rindler observer sees the Minkowski vacuum as a thermal bath at temperature T = 1 2πρ . We must note of course that setting primed and unprimed indices equal gives a divergent result, due to the distributional nature of our modes. A finite result may be obtained by considering wave packets (as considered for the scalar case in [4] ).
We can gain more insight into the situation by writing the Minkowski-like vacuum |0 0 in terms of the Rindler one. We may make use of the inverse Bogolublov transformation to (2.61) in order to find an expression for |0 0 in terms of |0 R 0 . We find
Here the notation on the right hand side is adapted to the tensor product stucture of the Hilbert space considered. In particular
where k z is restricted (Recall k z = nπ a with n ∈ Z for periodic spinors and k z = (2n+1)π 2a
for antiperiodic spinors with respect to the standard spin structure on M 0 ). The expressions on M are analogous, replacing |0 0 with |0 and |0 R 0 with |0 R .
(2.63) shows that |0 0 is an entangled state where the Rindler modes are correlated in pairs. One member of the pair is a particle mode living in the right hand Rindler wedge whilst the other is an antiparticle mode living in the left hand wedge and with opposite momentum eigenvalues k y , k z . It is important to note that the same disscusion follows here as in Minkowski space regarding the formal nature of these expressions. The normalisation factor is actually divergent within the sum indicating the non-existence of a unitary operator linking the two vacua. This is not a problem however as each argument can in fact be made mode for mode (see e.g [9] ). Further the usual disscusion may also follow about the relation of this expression to those of the Thermofield dynamics (as first disscused by Israel in [17] ). Now suppose we consider an operator concentrated on an accelerated worldline in R 0 ,Â (1) say, whose support is in the right hand Rindler wedge only. This operator will therefore not couple to any of the degrees of freedom of the field in the left hand wedge, and we must trace out these degrees of freedom. We find for the expectation value of such an operator in the Minkowski-like vacuum, the following expression We can conclude that such an operator sees |0 0 as a thermal bath at the usual Unruh temperature. Similar conclusions can be made for any operator whose support is entirely in the left hand wedge.
The Unruh construction and Bogolubov transformation on M −
In this subsection we repeat the analysis of the previous section for the spacetime M − . As mentioned in section 2.1 the regions x > 0 of M 0 and M − are isometric. It follows that R − (the Rindler wedge of M − ) is isometric to R 0 . On R − we may therefore introduce the locally Rindler coordinates (η, ρ, y, z) by (2.24) again with the identifications (η, ρ, y, z) ∼ (η, ρ, y, z + 2a) understood. The Killing vector ∂ η is also well defined on R − . The Rindler quantisation on R − is therefore clearly identical to that on R 0 . In particular the set {ψ R j,M,ky,kz } (2.41) is a complete set of positive frequency Rindler modes on R − . For convenience of the phase factors in the W -modes on M − , we replace {ψ R j,M,ky,kz } by the set {Ψ R j,M,ky,kz }, defined as in (2.41) but replacing the normalisation factors (2.31) and (2.32) by
Clearly the {Ψ R j,M,ky,kz } with M > 0 are a complete set of positive frequency solutions in R − , written in the globally defined rotating vierbein (2.8) . In this vierbein on M − , as mentioned earlier, k z is restricted to values k z = (2n+1)π/2a with n ∈ Z, it cannot take the values k z = nπ/a on M − (and therefore note k z = 0 is not a valid mode on M − ) as such modes are antiperiodic with respect to this rotating tetrad as z → z + 2a and so are neither periodic or antiperiodic as z → z + a. These modes therefore do not satisfy suitable boundary conditions on M − . The inner product on R − is as in (2.33) and the orthonormality relation is
We now quantise the field by expanding it in these modes We are interested in the Rindler mode content of |0 − . As on M and M 0 we now construct from the {Ψ R j,M,ky,kz } a complete set of W -modes whose vacuum state is |0 − .
We begin by continuing the {Ψ R j,M,ky,kz } into the F region in the lower half complex t-plane as on M 0 . We obtain the modes {Ψ F j,M,ky,kz } identical to the {ψ F j,M,ky,kz } of (2.50) and (2.51) but with N j as in (2.68) and (2.69). These modes are a complete set of W -modes in the F region of M 0 (with the suitable restrictions on k z ). The analogous modes on M − may be built from these via the method of images. As we are working in the globally defined rotating vierbein which is invariant under J − , the W -modes on F − are simply given by (see [13] ) with M > 0. The orthonormality condition is . By construction the vacuum state for these W -modes is |0 − , defined by Now consider the number operator expectation values. We find for example
and we would usually interpret this as saying that the Minkowski like vacuum contains a bath of Rindler particles at the usual Unruh temperature (with the usual remarks about the value being divergent, and regularisable by use of wave packets). Note that the expectation values are the same in both spin stuctures. So on M − in terms of expectation values of number operators we get the same result as observed in Minkowski space and on M 0 (compare with (2.62)). However more information may be gained by considering an expression for |0 − in terms of |0 R − . We find the expression analogous to (2.63) is We see that again the Rindler modes are correlated in pairs in the Minkowskilike vacuum state. However the correlations now are between a particle in the right hand wedge and an antiparticle in the right hand wedge with opposite k z eigenvalue. This is in some sense what we would expect as the involution giving M − from M 0 identifies the two Rindler wedges.
As on M 0 more information may be gained by considering an operator which couples to the field modes in a certain way. For example consider an operatorÂ concentrated on an accelerated worldine in R − who only couples to one of each pair of the Rindler modes, say ψ 1,M,ky,n . The expectation value ofÂ is then
where ρ (1) has the form of a thermal density matrix. We can conclude that such an operator sees |0 − as a thermal bath at the usual temperature. Similar conclusions can be made for any operator which couples to modes only where k z > 0 (or k z < 0). For operators not satisfying these properties the experiences are in general not thermal. Thus now we have a departure from the experience in Minkowski space, there any operator whose support is in the right hand wedge will experience thermality whilst here only operators which couple to the field in a certain way will. Thus the conclusion is similar to the scalar field results in ( [4] ), in that an observer restricted to the right hand wedge of either M 0 or M − could tell which spacetime he is in by measuring certain expectation values. What is new for the fermions is that the spin structure label shows up in the expression (2.88) for |0 − . This means that an observer in R − can also measure the spin structure on M − , even though both spin structures on M − induce the same (antiperiodic) spin structure on R − . It would be interesting to analyse to what extent such measurements could be performed with particle detectors with a local coupling to the field. As the restriction of |0 − to R − is not invariant under the Killing vector ∂ η , the techniques introduced in ([18]) could be useful for this question.
In this section we calculate the expectation value of the the energy momentum tensor for a free 2-component massless Dirac field in the Minkowski-like vacua |0 0 and |0 − introduced in the previous section. We find that due to the non-trivial topology a vacuum polarization effect occurs, where the energy is given a non-zero value in the ground state. We begin by describing the reduction of the 4-component massive spinor formalism of section 2.2 to 2-component massless spinors.
Given the formalism set out in 2.2 we set m = 0 and introduce a Weyl representation for the γ matrices 
further we find that the expectation value of the energy-momentum tensor is given by
with σ as defined above for left and right handed spinors, here S F (x, x ′ ) is the 2-component spinor propagator defined by with σ a as in (3.4) . A solution to this equation is given by
and is given by [3] 
11)
We find therefore that the 2-component spinor propagator in Minkowski space is given by
where we have introduced the parameter λ = 1(−1) for left-handed (right-handed) neutrinos respectively. We may now use the method of images to find the corresponding propagator on M 0 and M − . On M 0 in the vierbein aligned along Minkowski coordinate axes the propagator is simply given by
where again ǫ = 1, (−1) for spinors with periodic (antiperiodic) boundary conditions with respect to this vierbein. In this expression S F (x, x ′ ) is the Minkowski propagator, and (x, x ′ ) on the left of the equality labels points in M 0 while on the right it labels points in Minkowski space. We find
On M − the situation is more complex as we must work with a rotating vierbein. Suppose we work in the rotating vierbein (2.8) which is invariant under J − . Then we want to find the propagator which is a solution to the rotated Minkowski space equation (2.13) which for 2-component Weyl spinors reduces to
Clearly the solution S F (x, x ′ ) here may be found from that in the standard Minkowski vierbein by the suitable spinor transformation associated with the Lorentz transformation between the standard and rotating tetrad, that is the spinor transformation associated with a rotation by π in the x − y plane as z → z + a. This is for two The propagator on M − in the rotating tetrad is then given by
where now S F (x, x ′ ) on the right is understood to be the rotated Minkowski propagator. Therefore we find
where ω(a, a ′ ) = (a− (−1) n a ′ ) For calculation of the energy momentum tensor using equation (3.5) it is now simplest to rotate back to the Minkowski vierbein, so that the dervatives become normal partial derivatives, using the methods described in the appendix of [13] 1 . Finally we may now use these together with (3.5) to find T ab . As we are working on a quotient of Minkowski space the renormalisation of T ab is implemented merely by dropping the Minkowski part in the summation over the quotienting group (see [3] for more details). The results are given in table 1. All components not shown are 0. Here the sums are over all l ′ ∈ Z except 0 and all l ∈ Z and ǫ = 1, −1 labels the periodic or antiperiodic boundary conditions respectively (with respect to the standard vierbein on M 0 and that which rotates by π as z → z + a on M − ). We note immediately that expectation values are non zero in contrast to Minkowski space. Furthermore the difference in results between M 0 and M − shows that any observer sensitive to the energy-momentum tensor can tell the difference between the two vacuum states. Note also the results are the same for left and right handed spinors. The signs in T xz and T yz on M − however show that the spin structure determines a preferred direction of rotation.
These results agree with those of reference [13] where T µν is calculated in the Minkowski-like vacuum states on a number of topologically non-trivial flat spacetimes built as quotients of Minkowski space, which reduce to M 0 and M − with suitable subsets of the identifications.
The summations above can be evaluated in elementary functions. For the diagonal terms we use the result [16] 
while the cross terms on M − may be evaluated using the calculus of residues. The result is best expressed in terms of the orthonormal frame {dt, dr, ωφ, dz} defined by
with ωφ = rdφ. We obtain
where q = π a r. For q > 0 we find d dq sinhcosh 2 q < 0 and so 0 − |Tφ z |0 − picks up the sign of ǫ.
It is easily seen that 0 − |T µν |0 − in either spin structure reduces to 0 0 |T µν |0 0 in the twisted spin stucture on M 0 at large r. Further it is interesting to note that the vacuum energy expectation value 0 − |T tt |0 − on M − is the same in both spin structures, showing that there is no energetically preferred structure, while on M 0 the vacuum energy is lower for ǫ = −1. Finally 0 0 |T µν |0 0 and 0 − |T µν |0 − are both traceless.
Hawking radiation on the RP 3 geon for massive spinors
In this section we analyse the Hawking effect on the RP 3 geon spacetime for massive spinors. Subsection 4.1 begins by reviewing some relevent properties of the Kruskal manifold and the RP 3 geon. Here we also discuss the possible spin structures that these spacetimes admit. In subsection 4.2 we then consider spinor field theory on the geon. Here we construct the Boulware vacuum |0 B in one exterior region. This constuction is analogous to that of the Rindler vacuum |0 R in section 2.3. In subsection 4.3 we then construct the Hartle-Hawking like vacuum |0 G on the geon and compute the Bogolubov transformation between |0 B and |0 G . We also give an expression for |0 G in terms of |0 B analogous to equation (2.63).
Kruskal spacetime and the RP 3 geon
Let us begin with the Schwarzschild metric in Schwarzschild coordinates (t, r, θ, φ)
which represents the gravitational field outside a spherically symmetric mass. There is a curvature singularity at r = 0 and a coordinate singularity at r = 2M . For r > 2M the Schwarzschild spacetime is static with timelike Killing vector ∂ t and is globally hyperbolic. The Kruskal manifold (see e.g [19] and figure 3) is then a maximal analytic extension of the Schwarzschild metric. Schwarzschild type coordinates (t, r, θ, φ) can be introduced into each wedge of the full Kruskal manifold seperately in the same way we introduced Rindler-like coordinates in each wedge of Minkowski space. The metric takes the same functional form in each wedge with −∞ < t < ∞. In wedges R and L t is a timelike coordinate while in F and P t becomes spacelike. In F and P the metric is thus not stationary.
We may now introduce globally defined coordinates, we shall call them Kruskal coordinates (T, X, θ, φ) analogous to the usual Minkowski coordinates in sections 2 and 3. These cover the whole of the Kruskal manifold. They are
in regions R and L respectively, while they are
in regions F and P . The metric becomes
The Kruskal manifold is a globally hyperbolic, inextendible black hole spacetime. The region F is the black hole region from which no causal curves can reach null infinity. The analogy between the accelerated observers in Minkowski space considered earlier with constant ρ, y, z and the static observers in the Schwarzscild region R with constant r, θ, φ is clear. The vector ∂ t here is analogous to ∂ η which generated boosts in the flat spaces. While coordinate T here is analogous to t in the flat spaces. An important difference is that while ∂ t was a Killing vector for M 0 and M − , ∂ T is not a Killing vector on the entire Kruskal manifold.
The particular property of the Kruskal manifold which we are interested in here is that it contains two causally disconnected exterior regions R and L which are both isometric to the Schwarzschild spacetime. No event in R can causally influence any event in L, as the two regions are connected only by spacelike curves. Many derivations of the Hawking effect in Kruskal make use of this second exterior region. We aim to investigate the input of this region by considering the RP 3 geon (see [4] and figure 4 ) which is locally isometric to the Kruskal manifold but which has only one exterior region. The RP 3 geon is built as a quotient of the Kruskal manifold under the map J : (T, X, θ, φ) → (T, −X, π − θ, φ + π) (4.7)
that is we identify the two exterior regions with a reflection accompanied by an antipodal map on the 2-sphere. The construction is analogous to that of M − from M 0 under the map J − given in section 2.1. The map J is an isometry which preserves space and time orientation and acts freely and properly discontinuously. The RP 3 geon is thus a globally hyperbolic inextendible black hole spacetime which is locally isometric to Kruskal but which contains only the one exterior region R. The regions X > 0 of the Kruskal manifold and the RP 3 geon are isometric. To investigate spinors on these spacetimes we first need to discuss the spin structures which they admit.
The Kruskal manifold has spatial topology R × S 2 . It is thus simply connected and admits just one spin structure. The geon has fundamental group Z 2 and thus admits two spin structures. As with the flat spaces discussed in sections 2 and 3 we think of these in terms of defining a vierbein and imposing periodic or antiperiodic boundary conditions on the fields. Suppose we consider a vierbein on Kruskal aligned along Kruskal coordinate axes. That is 
such a vierbein is invariant under J. We may now consider the two inequivalent spin structures by imposing periodic or antiperiodic boundary conditions on the field as φ → φ + π. Alternatively we could consider an invariant vierbein which rotates by −π as φ → φ + π again imposing suitable boundary conditions. Given this discussion, in what follows we will in fact work with the standard Kruskal vierbein (4.8) . Although this is not invariant under J it is simplest to work with on the Kruskal manifold. When building modes on the RP 3 geon from those on Kruskal we may make use of the Appendix of [13] which describes how to apply the method of images when working in a non-invariant vierbein.
Spinor field theory on Schwarzscild spacetime and the Boulware vacuum
In this subsection we review the construction of the Boulware vacuum |0 B in one exterior region of either Kruskal or the RP 3 geon, as considered for the spinor field by Boulware in [20] . The Boulware vacuum is that empty of particles when positive frequency is defined with respect to Schwarzschild Killing time ∂ t . It is the natural vacuum associated with static observers with constant r, θ and φ in the Schwarzschild exterior. We consider the quantisation of the spinor field ψ in one exterior region R in Schwarzschild coordinates. Here there are two natural choices of vierbein to work with. That is a vierbein aligned along Schwarzschild coordinate axes or one aligned along a set of axes oriented relative to fixed orthogonal directions. We choose to work with a vierbein aligned along the Schwarzschild coordinate axes. This choice has the advantage of being analogous to the vierbein (2.26) used in our Rindler calculations, but has the disadvantage of a more complex angular component analysis. We consider therefore the vierbein
In this vierbein and Schwarzschild coordinates the general covariant Dirac equation (2.12) becomes This particular choice is made in order to simplify the angular analysis and the radial equations. Given this representation we find the field equation may be separated with the ansatz
where ω > 0 for positive frequency Boulware modes, and the radial functions F (r), G(r) satisfy
The angular eigenfunctions Y k ′ m ′ (θ, φ) are an orthonormal set of eigenfunctions of the following three operators
Although these operators are in 4 × 4 matrix form, in our representation for the γ's (4.12) they act in block form on
where j = 1 2 , 3 2 , 5 2 , . . .,m ′ = −j, −j + 1, . . . , j, k ′ = ±(j + 1 2 ) and σ 1 = iγ 2 γ 3 . These operators are obtained from the usual angular operators J 3 , J ± , K used in Minkowski space quantum field theory (i.e relative to a Cartesian set of axes) using the relevent spinor transformation which corresponds to the transformation between a standard Cartesian vierbein and the vierbein (4.10). (The particular transformation is given in Boulware ([20] )). Following Boulware (see Appendix A of ([20])) we may now construct explicit expressions for the Y k ′ m ′ (θ, φ) eigenvectors. We find
From this we get the following relations which will be needed later
where σ j are the usual Pauli matrices and * stands for complex conjugation.
The Dirac inner product in Schwarzschild spacetime is
on a t =constant hypersurface, and we have
For a complete set of orthonormal mode solutions positive frequency with respect to ∂ t we must now find a basis of solutions for the radial functions F (r) and G(r) which are suitably orthonormal. We begin by following Chandrasekhar in [21] and reduce the radial equations (4.14) and (4.15) to a pair of one dimensional Schrödinger-like wave equations. We find we may write
and it may be shown from (4.14) and (4.15 ) that Z ± satisfy
where r * = r + 2M ln(|r − 2M |/2M ),r * = r * + 1 2ω tan −1 ( mr k ′ ) and
and so Z ± satisfy the one dimensional wave equations
Equation (4.31) has qualitatively different solutions depending on whether ω 2 > m 2 or 0 < ω 2 < m 2 . Let us firstly consider the case when ω 2 > m 2 . Here the eigenvalue spectrum to (4.31) is continuous, consists of the entire real line and is degenerate of order 2. One way we can break this degeneracy and obtain a complete set of orthonormal solutions would be to choose the "usual" scattering theory solutions (as discussed for the scalar case in [4] ). For where p = (ω 2 − m 2 ). We see that ← Z ± is a purely ingoing mode at the horizon while → Z ± is a purely outgoing mode at infinity. From the usual scattering theory we may find relations for the transmission and reflection coefficients using Wronskians, we find
where * indicates complex conjugation. Further it follows from (4.29) along with the asymptotic expressions (4.33) and (4.34) that
A − and therefore we take for our radial modes the following basis
where qr * = ( 1 2 tan −1 ( mr k ′ ))+(pr * + M m 2 p ln(r * 2M )). Here
is a purely ingoing radial mode at the horizon, while
is a purely outgoing radial mode at infinity. The solutions
with ω > 0 are then a complete orthonormal set of positive frequency Boulware modes with respect to the inner product (4.26). However as in the scalar case it will be more convenient to consider an alternative basis. We therefore introduce the following radial solutions to (4.31)
where again * stands for normal complex conjugation. Then we take for our complete set of Boulware modes Here the eigenvalue spectrum is again continuous and consists of the entire real line but it is nondegenerate. One solution is discarded as it diverges at infinity. The other solution vanishes at infinity and takes the form 
Again before quantising the field we wish to transform to the Kruskal vierbein ψ → Sψ where S is given by (4.43) Now we are free to expand the field Ψ in the complete orthonormal set of modes
where again the subscript c stands for charge conjugation which in our representation (4.12) is given by
We now quantise in the usual manner. This construction defines the Boulware vacuum |0 B , as that which is void of particles which are positive frequency with respect to Schwarzschild Killing time ∂ t . It is the state annihilated by all the annihilation operators in (4.47),
The Boulware vacuum here is analogous to the Rindler vacuum |0 R − in section 2.4. It is the natural vacuum for static observers in the exterior region R as their proper time is proportional to t.
The Hartle-Hawking like vacuum and Bogolubov transformation on the geon
In this subsection we construct from the Boulware modes given in the last section a complete set which are positive frequency with respect to the affine horizon generators. The construction follows closely that of the Unruh construction on M − given in section 2.4. We begin therefore by taking our positive frequency (ω > 0) modes (4.41),(4.42) and (4.46) written in the Kruskal vierbein (4.8) and continuing them across the future horizon into the interior black hole region F in the lower half complex T plane. We then build a complete set of positive frequency W -modes on the RP 3 geon by finding linear combinations of these which are invariant under the involution J (4.7). It is important to note that on the geon (as on M − ) we obtain the same set of W -modes if we begin by continuing a complete set of negative frequency Boulware (Rindler) modes across the horizon (hence the redundancy relation (2.78) in section 2.4). We need therefore only consider the continuation of positive frequency Boulware modes here on the geon. Now let us consider a general positive frequency mode solution to equation (4.11) near the horizon r = 2M . In the Kruskal vierbein this can take the form
(4.50) where A and B are arbitrary constants, N is a normalisation factor and ω > 0. Writing this in Kruskal coordinates it becomes
Continuation to F in the lower half complex T plane is then implemented by the substitution (
We now use these to build W -modes on the geon via the method of images. If we were working in the rotating Kruskal vierbein which is invariant under the involution J the expressions we would want would be
where again ǫ = 1, (−1) labels fields with periodic (antiperiodic) boundary conditions respectively. However we are instead working in the standard Kruskal vierbein which is not invariant under J. The spinor transformation associated with the transformation between the rotating Kruskal vierbein and the standard one (a rotation by −π in the X − θ plane as φ → φ + π) is given by
Now it is easy to show that in terms of this standard Kruskal vierbein
For the case where 0 < ω 2 < m 2 , comparing (4.50) and (4.45), we find W -modes given by
(4.61) again orthonormal with respect to the Kruskal inner product. It is easy to show that the m ′ |m ′ | factors cannot be absorbed into the phase factors of the Boulware modes here.
We may now expand the field in these complete sets of modes as Now considering expectation values of number operators we find for example that 0 G |a † +,ω,k ′ ,m ′ a +,ω ′ ,k ′′ ,m ′′ |0 G = 1 (e 8πM ω + 1) δ m ′ m ′′ δ k ′ k ′′ δ(ω − ω ′ ) (4.65) and a discussion similar to that given on M − follows. For the expectation values of number operators we get the same result as observed in the full Kruskal spacetime. In particular the spin structure used on the geon does not show up in these expressions.
More information may be gained by expressing |0 G in terms of |0 B , that is As in the Rindler case, we see that the Boulware modes are correlated in pairs in the Hartle-Hawking-like vacuum state. The correlations now are between a particle in the right hand exterior region and an antiparticle in the same exterior with opposite m ′ eigenvalue. This is in some sense what we would expect as the involution giving the geon from Kruskal identifies the two exterior regions, whilst on the Kruskal manifold the correlations are between modes in opposite exterior regions. A discussion of operators that couple to the field in certain ways can be given as in where ρ (1) has the form of a thermal density matrix. Such an operator sees the geon vacuum as a thermal state at the usual Hawking temperature. Similarly for operators which only couple to modes with, for example m ′ > 0 (or m ′ < 0). Otherwise the experience is not in general thermal, and an observer in the exterior region of the geon can tell that he is not in Kruskal by measuring the Hawking effect. As the geon spin structure parameter enters (4.66) the observer can also determine the geon spin structure. It would be interesting to characterise particle detectors by which such measurements could be performed in practice.
Discussion
This paper has discussed thermal effects for the free Dirac field on the RP 3 geon, and a topologically analogous flat spacetime M − via a Bogolubov transformation analysis. We considered the experiences of static observers in the single exterior of the geon in the Hartle-Hawking like vacuum state |0 G and uniformly accelerated observers on M − in the Minkowski-like vacuum |0 − . We have also presented a Bogolubov transformation treatment of the Unruh effect for the massive Dirac field in 3+1 dimensional Minkowski space and on its quotient by a spacelike translation completing and correcting the previous literature. Our conclusions are broadly similar to those found for the scalar field in [4] . We found that the states |0 G and |0 − are not exactly thermal with respect to inertial and uniformly accelerated observers respectively, unless they are probed by an operator which only couples to a suitably chosen half the field modes. However, as for the scalar field, by geometric arguments and from the form of the maps J and J − we see that |0 G becomes thermal at the usual temperature in the asymptotic past and future with respect to the Schwarzschild coordinate time. Similarly |0 − becomes thermal to accelerated observers at early and late Rindler times. Therefore the discussion in [4] about such observers being able assign an entropy to the geon through the classical laws of black hole mechanics follow also with the Dirac field.
One interesting consideration specific to the Dirac field here is that M − and the RP 3 geon both admit two inequivalent spin structures. We have seen that the conclusions are qualitatively similar for both spin structures, but the spin structure shows up in the expressions for |0 G in terms of |0 B and |0 − in terms of |0 R − 2 . Further we have calculated the expectation value T µν for neutrinos on M 0 and M − in the states |0 0 and |0 − respectively. These expectation values are non-zero, due to the non-trivial topology of these spacetimes and they differ for M − and M 0 showing that an observer confined to the exterior of either spacetime can tell which spacetime he was in by measuring T µν . Of course a more objective disscusion of what an observer could or could not measure would have to include a discussion of some sort of particle, or energy momentum, detectors.
Our analysis unfortunately does not add anything to the discussion of entropy on the geon given in [4] , where it was discovered that there is a difference in the entropy assigned to the geon in a path-integral approach and that given by other methods (the former being 1/2 of the latter). It would certainly be interesting to calculate the entropy of the geon from the statistical mechanical, state counting arguments of a full quantum theory of gravity in order to clarify this situation. Further suppose we had a well defined state counting technique to obtain the entropy of the quantum fields propagating on the RP 3 geon background. Would there be a significant difference between scalar and spinor field contributions? Also would the contributions be the same in both spin structures for the Dirac field?
